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I. TINTRODUCTION

In the Fourier integrals used to calculate stresses in a hollow
cylinder, the variable of integration ranges from zero to infinity along
the real axis; consequently the Bessel functions in the integrand must
be computed for very large and very small values of the argument.
Calculation of stresses in a thin-walled cylinder by residue theory
requires Bessel functions of complex argument and very large modulus.

Use of the Bessel function previously described! to calculate the integrand
for these extreme ranges leads to exponential overrun and cancellation

of significant digits. Axial stresses due to discontinuous internal

shear loading are calculated from a Fourier integral with an apparent
singularity at the lower limit of integration. Evaluation of the integral
by quadratures leads to the numerical difference of nearly equal numbers
for points near the discontinuity of loading.

Exponential overrun is especially critical in calculating stresses
for thin-walled cylinders according to the theory of elasticity.
Asymptotic series have been used to calculate stresses for cylinders with
wall ratios in the range 1.01 < B < 1.25. The lower part of this range
is not accessible when conventional tables or subroutines are used to
calculate the integrand of the Fourier integral.

This report describes three algorithms which have been used to over-
come the numerical difficulties described above. The corresponding computer
programs are listed in the thick-walled cylinder code? and will not be
repeated.

IT. SOURCES OF NUMERICAL DIFFICULTIES
The characteristic function for a hollow cylinder with stress-free

cylindrical surfaces illustrates the numerical difficulties in evaluating
determinants arising in thick-walled cylinder theory.

Iy(p) Ko(P) o, I, (p) o, K; (p)
I, ® -, (p) P, () -PK, (p)

ey = I_(q) K 8,1, ( gk (@ | » W
old o) 117 (@) 1% (q

where

1

K.L. Zzimnmerman, A.S. Elder, A.K. Depue, "User's Manual for the BRL
Subroutine to Calculate Bessel Functions of Integral Order and Complex

Argument”, Ballistic Research Laboratory Report No. ARBRLTR-02068,
May 1978. (AD A056369)

2A.S. Elder and K.L. Zimmerman, "Stresses in a Gun Tube Produced by
Internal Pressure and Shear', BRL Memorandum Report No. 2495, June
1975. AD #A012765.



sa
sb |
p+ (2-2v)/p ,

™R LOT

1
L= a+ (2-29)/q,
and
v = Poisson's ratio ,
a = inner radius of cylinder ,
b = outer radius of cylinder.

If we evaluate A(s) by approximating the Bessel functions with Hankel
asymptotic series, we find products of the type

sa _-sb -sa _sb
e e and e e

occurring, leading to exponential overrun when |sa| and Isbl are very
large. We also find, after considerable algebra, that the first and

second terms of the Hankel asymptotic series are lost by subtraction,
leading to a loss of significant figures.

The characteristic function A(s) has a pole at the origin, but is
analytic elsewhere in the finite part of the complex s plane. However,
the Bessel functions of the second kind in Eq. (1) have logarithmic
singularities at the origin. The logarithmic singularities will cause a
loss of significant figures when |s| is small. The algorithm for calculating
cross products of the modified Bessel functions for small |s| eliminates
this difficulty.

III. ASCENDING SERIES FOR CROSS PRODUCTS OF MODIFIED BESSEL FUNCTIONS

Cross products for the modified Bessel functions are defined by the
following equations3

LO’O(S) = Io(sa)KO(sb)—KO(sa)Io(sb)
LO,I(S) = Io(sa)Kl(sb)+KO(sa)Il(sb) -
Ll,O(S) = Il(sa)KO(sb)+K1(sa)IO(sb)

Ll,l(s) = Il(sa)Kl(sb)-Kl(sa)Il(sb) s

35, Timoshenko and J.1I. Goodier, Theory of Elastiecity, Second Edition,
MeGraw-Hill Book Company, New York, 1961,

10

23



where s is the variable of integration in the Fourier integrals. We now
show that the L1 O(s) functions are analytic in s except for a simple
3

pole at the origin. We have4

I 2 (sa)2 . (sa)4 - (sa)6 o

I1.(sa)
L 2an? 2*en? 2%cn?

2 4 6

(sb) (sb) (sb)
I.(sb) =1 + + + + ...
0 22an? 2*en  2%03n?
(3)
(sa) (sa)3 N (sa)5

I.(sa) + caf o
1 2 251121 20213

3 5
Il(sb) = L%Pl. + (zb) 7 (gb) -
ZTAR2Y  Z2ek

for modified Bessel functions of the first kind. In the series for
modified Bessel functions of the second kind, we separate the logarithmic
terms to facilitate the algebraic manipulation. For the outside radius
we have®

Ko(sb) = GO(sb) - Mo(sb) - So(b,s) | (4)
where
o i s 3 1 BN 1 1 1) .
o(sb) = ——z<z) (1egegeog) . 65
r=1 i
M, (sb) = I,(sb) log, (%) 5 (6)
So(b,s) = Iy(sb) [y + log  s] , (7)

4. x. Prokopov, "Equilibrium of an Elastic Axisymmetrically Loaded Thick-
Walled Cylinder", Priladnaya matematika i mehanika, Vol. XIII, 1949,
pages 135-144. Institute of Mechanics of the Academy of Sciences, USSR.
FTIO Translation No. J-2589, Aberdeen Proving Ground, Maryland,
Translation dated 22 August 1967.

5British Association for the Advancement of Science, Bessel Functions,
Part I, Function of Orders Zero and Units, Mathematical Tables, Volume
VI, University Press, Cambridge, 1937.
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where vy is Euler's constant.

Similarily we have

Kl(sb) = - Gl(sb) + Ml(sb) + Sl(b,s) . (8)
where
- 2r-1
1 sb 1 1 1 1
Gy (sb) = Z VI (2_) <1*?* 5, B e & - é‘r')’(g)
r=1
M, (sb) = I,(sb) log (?) p i (10)
1 1 e 2 sb 2
Sl(b,s) = Il(sb) [y + loge s] ] (11)

Similar formulas are obtained for the inside radius.

Ko(sa) = G (sa) - My(sa) - S,(a,s) , (12)
G, (sa) = 2&—1)7 (g—a)zr(1+—;-+%+...+-i—) ) (13)
r=1 °

My(sa) = I (sa) log, (g-) , (14)

Sp(@ss) = I (sa) [y + log, s] , (1s)
and

K (sa) = - G(sa) + M (sa) + 5 (a,s) , (16)
where

12



— 2r-1
2 : i
G (s,a) = _—__(r-li!r! (;—a> (1 5t % .. %— %I-;) ,  (17)
r=1
M) (sa) = I,(sa) log (;) P (18)
sl(a,S) = Il(sa) [Y * 1Oge S] * (19)

We now eliminate Bessel functions from the formulas for the cross
products. We obtain

Ly, () = To(sa) [Gy(sb)-My (sb)]-Iy (sb) [, (s2) My (sa)] (20)
Ly, 1(5) = Io(sa) [-G) (sb)+M, (sb)]+T, (sb) [G (sa) -M; (5a)] (21)
Ly, (8) = T;(sa) [Gy(sb)-Mqy(sb)]+Ty (sb) [-G, (sb) M, (sb)] (22)
Ly, 1(5) = T;(sa) [-G) (sb)+M, (sb)]-T, (sb) [-Gy (sa)#M; (sa)] . (23)

The logarithmic singularity in s is eliminated. The only remaining
singularity is a simple pole at the origin due to the functions M (sa)
and M (sb)

The first few terms of the ascending series for the Li ;(s) functions
can be obtained by multiplication of the appropriate serles We find

Ly o(s) = - log (b/a) + [- (a’+b*)log (b/a)+(0*-a®)]s%/4 + ... (24
L0 1(s) = 1/(sb) + [2b loge (b/a) - (b2—az)/b]s/4 * rer (25)
L1 O(S) = 1/(sa) + [-2a loge (b/a) + (b2-az)/a]s/4 + ... (26)

13



Ly ,(s) ==(b%-a%)/(2ab)+[ab log_(b/a)-(b*-a*)/ (4ab)]s%/a + ... 27)

Calculation of literal coefficients for higher powers of s requires
excessive algebraic manipulation. Numerical values are readily calculated
from recursion formulas, using the first terms in the above expansions

as starting values.

The recursion formulas for the coefficients are derived from a set

of first-order, linear differential equations satisfied by the cross
products.

L'y () = aly () = bLy 1 (s) (28)
L'O,l(s) = al; 1(s) - bly () = Ly 1(s)/s (29)
L'l,o(s) = aly o(s) - bLy 1 (s) - Ly ((s)/s (30)
L'l,l(s) = aly y(s) - bly () - 2L 1(s)/s (31)

We assume

LO,O(S) = E t s" (32)

n=0

Ly 1(8) = E u " (33)
n=-1

Ll,O(S) = E v, s (34)
=-1

Ll,l(s) = E W s (35)
n=0

14



We substitute these series into the preceding differential equations,
and the coefficients of each power of s are set equal to zero. The
following recursion formulas are obtained:

(n+2)wn -au o+ b Vo F 0 (36)
(n+2)vn+1 - a tn + b W= 0 (37)
(n+2)un+1 -aw o+ b tn =0 (38)
nt -a Vo1t b U 0 (39)

The indices are shifted for convenience in computation.
-au + b v, + (n+31wn+1 =0 (40)
- a tn + (n+2)vn+1 + b wo =0 (41)
b t + (n+2)un+1 -aw =0 (42)
(n+1)tn+1 +b u -au = O (43)

We find that L0 O(S) and L1 1(s) are even functions of s, whereas L0 1(s)
and L1 O(S) are odd functions. The initial values for the recursion

formulas are obtained from Eqs. (24 - 27)

ty = - log (b/a) (44)
u_ = 1/b (45)
V= 1/a (46)
Wy = - (b%-a)/(2ab) (47)

15



and

t, =0 (48)
Uy = 0 (49)
Vg = 0 (50)
Wy = 0 (51)

The coefficients are listed in Tables 1, 2, and 3 for several values
of b and a=1. The series converge exponentially for all values of s. The
convergence is very rapid when the wall ratio b/a is close to unity,
facilitating calculations for thin-walled cylinders. Eqs. 24 thru 27
can be expressed as

1)

LO’O(S) - loge(b/a) + RO,O(S)

1/(sb) + RO,I(S)

LO,I(S)

Liso @ = Lisal) = Ry Gros

Ly 1 (s) = - (b2-a2)/2ab + Ry (5

The graphs of the R function for b = 1.1, 1.2, 1.25, 1.3, 1.4, and 1.5
are shown in Figures 1 thru 12.

IV. ASYMPTOTIC EXPANSIONS OF CROSS PRODUCTS FOR MODIFIED
BESSEL FUNCTIONS

We obtain asymptotic expansions of the cross products by expressing
the Bessel functions of Eq. (2) in terms of Hankel asymptotic expansions.
We assume

Im (s) > 0 (52)

to be consistent with formulas for calculating stresses by the theory
of residues. Then

6G.N. Watson, A Treatise on the Theory of Bessel Functions, The
MacMillan Co. New York, 1948. See Eq. (2) Page 203, and the discussion
of Stokes phenomena which follows.

16
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IO(sa) =

Ko(sa)

Il(sa)

Kl(sa)

where

PO(sa)

Q, (sa)

Pl(sa)

Q, (sa)

[esaPO(sa) + ie_saQO(sa)] /Y 2msa

ne_saQO(sa)/ Y 2msa

[esapl(sa) - i

& Ql(sa) / ¥ 2musa

e_san(sa)] /v 2msa

>

2 2
1+:!' X +
1! (8sa) 2!(85a)2 2
L 32
1!(8sa) 2!(85a)2 ’
1 - 1.3 2-3-5 _
1!(8sa) 2!(85a)2 .
1.3 + 3¢5
1+ +
1!(8sa) 2!(85a)2

s

>

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

Similar formulas for PO(sb), Qo(sb), Pl(sb), and Ql(sb) are obtained by

substituting b for a in the preceding equations.

The following formulas for the L

successive substitutions.

]

Lo,0(s)

Lo, 1(8)

Ll,O(S) =

Ll,l(s) =

!

e—s(b-a)

32

e's(b'a)PO(sa)Qo(sb)fes(b_a)PO(_Sb)QO(Sa)] / ytabs?

P, (sa)Q(sb) + es(b_a)PO(sb)Ql(sa{]/ Aabs

Le's(b""‘)po(sg,l)Ql (sb) + es(b_a)P1 (sb)QO(sa)]/ J4ab52

2

e_s(b_a)Pl(sa)Ql(SL) - es(b-a)Pl(sb)Ql(sa%]/J4absz

(s) functions are obtained by

(61)

(62)

(63)

(64)



Next, we eliminate the ex
analysis. Assume

Ly, 5(8) = U; 5 - DMy )

then Ui j(s)

3

Ui,;(8)

and

Vi,i(®

=e-s(b-a) E.

= oS(P-a)

. (s)

1,)

>

. (s

1,]

>

)

>

and Vi j(s) will also satisfy Eqs. (2).

>

ponential functions from the subsequent

(65)

Finally we write

(66)

(67)

On substituting these expressions for Ui j(s) and V.1 j(s) Wwe obtain the

following sets of differential equations for Ei j(s) and Fi ;

'

E 0,0

ol

E10

1,1

and

aE

a E

a E

1,0

1,1

0,0

0,1

1,0

1,1

- bE

- bE

- bE

- bE

- bF

0,1

0,0

1,1

1,0

0,1

0,0

+

+

+

+

(b-2) Ey o
[(b'a)‘%] Eo,1 -
o2,

[(b'aj' %] Bl,1 o

(b'a) FO,O >

[(b‘a) : %] fo,1 >

33

(68)

(69)

(70)

(71)

(72)

(73)



) 1
Fy,0 =28F - bF - I(-a)-1F 4 @)

t

Fi1a 0,1

1]
o]
11

]
S

- -2 -21F | . (75)

We assume*

-n
EO,O = E tns s (76)
n=1

-n
EO,l = u s 5 (77)
n=1
_ -n
El,O = v, s s (78)
n=1

-n
El,l - E wo s ) (79)

2 : n+l -n
FO,O = ('1) t > (80)
n=1
F - (_1)n+1u -n
0,1 . ) (81)
n=1
F . (_1)n+1 -n
1,0 Z : v s ; (82)
n=1

*The coefficients b Ugs Vs w, are new and are not the same as in
Egs. (32)-(35).
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D o™ (83)
n=1

SO0 a separate derivation for the F (s) functions is not required. The
initial terms are

t, = 1/V/4ab (84)

u = 1/@ [ (85)

vy = 1/V/4ab (86)
and

w, = 1//4ab . (87)

The series expansions for E ,0° and E are

0,0’ E0 1’ 1,1
substituted in Eqs. (68) - (71) and the coeff1c1ents of each power of

S set equal to zero. We examine the coefficients of 1/s, l/s , and l/s3
in detail. We find from terms in 1/s

av, - bu1 + (b—a)t1 =0 s (88)
aw, - bt1 + (b-a)u1 =0 , (89)
at1 - bw1 + (b-a)v1 =0 5 (90)
au; - bv1 + (b-a)w1 =0 (91)
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We see these equations are consistent with the initial conditions given

in Eqs. (84) - (87).

The coefficients of l/s2

av, - bu2 + (b-a)t2 = -
aw, - bt2 + (b—a)u2 =0
at2 - bw2 + (b—a)v2 = 0
au, - bv2 + (b-a)w2 =W

lead to the following equations:

We find these equations are not linearly independent, and must be
supplemented by equations obtained from the coefficients of 1/53.

(b-a)ts_ -bu3
-bt3 +(b—a)u3
at3
au,
Consequently,

2t2 + u, v, = 0

+av, =-2t2
+aw, =-u,

+(b—a)v3 -bw3 =-v,

—bv3 +(b-a)w3 =0

We now solve Eqs. (92), (93), (94), and (100), obtaining

t, = tl(b-a)/8ab

3

36

(92)

(93)

(94)

(95)

(96)

(97)

(98)

(99)

(100)

(101)



[
[}

t1(33+b)/8ab : (102)

2
Vg Rin= tl(a+3b)/8ab S (103)
W, = t1(3a—3b)/8ab . (104)
We proceed with the ggneral cage in a similar manner, drawing on
coefficients from 1/s and 1/s for a set of linearly independent
equations.
(b-a)tn - bun +av, =-(n-1)tn_1 {105)
- b tn + (b-a)un *aw =—(n-2)un_1 (106)
a tn + (b-a)vn -b W =-(n-2)vn_1 (107)
au -b v, + (b-a)wn=—(n-3)wn_l(108)
On adding, we find
(n—l)tn_1 + (n—2)un_1 + (n-2)vn_1 + (n-S)wn_l =0 : {109)
Now replace n by {(n+l), We find
nto o+ (n—l)un + (n-l)vn + (_n-2)_wn = 0 . (110)

To simplify, add Eq. (105) to Eq. (106), (107) and (108) in turn. We
find

-at_-au + av_+ aw_ = X (111)
n n n n '

37



btn - bu.n + an - bwn o S (112)

(b-a)t_ - (b-a)u - (b-a)v, + (b-a)w =z . , (113)
where

X, =- @Dt | - @-2u o, (114)

Yooy = - @Dt - (@-2v (115)

2,01 = - (n-l)tn_1 - (n-S)wn_1 (116)
We now solve Eqs. (110) - (113) algebraically by Cramer's rule
at_ = [(4n-6)a’- (12n-16)ab + (4n-6)b2][n-1]tn_1
+ [(4n-6)(-ab+b2)][n-2]un_1
(117)
+ [(4n-6)(a2-ab)][n-2]vn_1 + [(-4n—4)(ab)][n-3]wn_1 s
Aun = [-(4n-6)(ab-b2)][n-1]tn_1
+ [(4n-2)a2 - (12n-12)ab + (4n-6)b2][n-2]un_1
(118)

+

[-(4n-4)ab][n-2]vn_1

+

[(4n-2) (a%-ab)] [n-30w_,
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bv, = [(4n-6) (a*-av)] [n-1]t, | + [-(4n-4)ab][n-2]u___
(119)
+ [(4n—6)a2-(12n—12)ab+(4n-2)b2][n-2]vn_1
+ [-(4n—2)(ab-b2)][n—S]wn__1 ,
Awn = [—(4n-4)ab][n—1]tn_1 + [(4n-2)(a2-ab)][n-2]un_1
(120)
+ [—(4n—2)(a2-ab)][n-2]vn_1
+[(4n—2)a2—(12n-8)ab+(4n-2)b2][n—S]wn_l )
where
A = 16(n-1)ab (b-a), n>1. (121)

These formulas were used in an algorithm for the Ly 3
3

which has been incorporated in the thick-walled cylinder problem. The
variable s was taken sufficiently large, so the asymptotic series could
be truncated when a given term was sufficiently small, well before the
smallest term of the asymptotic series. Although the formulas are
cumbersome, computations were extremely rapid.

(s) functions

The coefficients are listed for various wall ratios in Tables 4 thru
9 and graphs of the Li j(s) given in Eqs. 61 thru 64 for positive real

s are shown in Figures 13 thru 24,

V. ASYMPTOTIC SERIES FOR SQUARES AND PRODUCTS OF MODIFIED
BESSEL FUNCTIONS

The asymptotic series for the Li j(s) functions eliminated exponential

3
overrun for all wall ratios of interest, but cancellation of leading
terms still occurred, and led to serious computational difficulties for
thin-walled cylinders when the arguments for the Bessel functions were
large. New dependent variables were selected in which the differences
of nearly equal numbers were obtained by analysis, thus bypassing the
numerical problem. These new variables were suggested by the Laplace
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